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A formula for the Hall conductivity of interacting electrons is given under the assumption that the
ground state manifold is Ngs-fold degenerate and discrete translation symmetry is neither explicitly
nor spontaneously broken.
I. INTRODUCTION AND RESULTS
The Hall conductivity in the integer (IQHE) and frac-
tional (FQHE) quantum Hall effect is observed to be
quantized.1 This quantization can be explained by ex-
pressing the Hall conductivity σH in terms of a topo-
logical invariant C that takes integer values through the
relation
σH =
e2
h
ν C (1.1)
where ν is the filling fraction of the single-particle Lan-
dau levels.2–6 For example, the relation between the
quantized number C and the non-degenerate many-body
ground state wave functions |Ψ(φ, ϕ)〉 obeying twisted
boundary conditions parametrized by the pair of angles
0 ≤ φ, ϕ ≤ 2pi for a gas of electrons confined in two-
dimensional (position) space and subjected to a uniform
magnetic field is
C = −
i
2pi
2pi∫
0
dφ
2pi∫
0
dϕ
[〈
∂Ψ
∂φ
∣∣∣∣ ∂Ψ∂ϕ
〉
−
〈
∂Ψ
∂ϕ
∣∣∣∣ ∂Ψ∂φ
〉]
,
(1.2)
when the cyclotron energy dominates over the character-
istic electron-electron interactions while the character-
istic spatial variations of any one-body potential experi-
enced by the electrons are much longer than the magnetic
length.5,6
In this paper, we derive a formula for the Hall conduc-
tivity that applies to electrons moving in d-dimensional
space as long as (i) there exists a gap between the Ngs-
fold degenerate ground state manifold and (ii) discrete
translation invariance holds.7 We show that the Hall con-
ductivity averaged over the degenerate ground states is
given by Eq. (5.11), which reduces to
σ¯H =
e2
h
∫
Ω
d2k F (k) n¯(k), (1.3a)
F (k) := i〈∂k2χ(k)|∂k1χ(k)〉 − (1↔ 2), (1.3b)
in two-dimensional space if restricted to the case when
the many-body ground states are exclusively built out
of a single Bloch band with Bloch states |χ(k)〉 and the
single-particle Berry curvature F (k). All the many-body
correlations in Eq. (1.3a) are encoded by n¯(k) defined in
Eq. (5.8a), i.e., the expectation value of the occupation
number operator of the Bloch momentum k from the
Brillouin zone with volume Ω averaged over the Ngs-fold
degenerate many-body ground states.
Equation (1.3a) reproduces the following results.
Cases of the IQHE or the Chern band insulator. When
Ngs = 1 and the many-body ground state is the Slater de-
terminant made of all available Bloch states in the band,
n¯(k) = 1 for all k ∈ Ω and
σ¯H =
e2
h
∫
Ω
d2k F (k) =:
e2
h
C (1.4)
with C the Chern number of the band (in particular,
the Berry curvature is the constant F (k) = 1/Ω and the
Chern number is C = 1 for the lowest Landau level).
Case of the FQHE. When Ngs > 1 is the degeneracy
expected from a hierarchical ground state in the FQHE
at the partial filling ν of the lowest Landau level, the
Berry curvature is the constant F (k) = C/Ω with C = 1
the Chern number of the lowest Landau level and
σ¯H =
e2
h
∫
Ω
d2k
Ω
n¯(k) =:
e2
h
ν. (1.5)
Case of the anomalous Hall effect. When Ngs = 1
and the many-body ground state is a Fermi liquid, we
can interpret Eq. (1.3a) as the anomalous Hall conduc-
tivity assuming the order of limits by which the gap has
been taken to zero after all other limits have been taken.
The anomalous Hall conductivity has been derived in the
noninteracting limit,8–10 but its derivation allows for in-
teractions in this paper.
Equation (1.3a) predicts the following results for frac-
tional Chern insulators.11–21
(1) The integral over the Brillouin zone of F (k)× n¯(k)
equals a rational number p/q, since Laughlin’s
gauge argument for quantization then applies.2
(2) The integral over the Brillouin zone of F (k)× n¯(k)
obeys a sum rule, for one cannot change the rational
number p/q continuously.
(3) The Hall conductivity σ¯H does not need to be equal
to the filling fraction ν obtained by integrating
2n¯(k)/Ω over Ω whenever the Berry curvature F (k)
is not uniform over the Brillouin zone. In this case,
if Fmin and Fmax are the minimum and maximum
of F (k) over the Brillouin zone, respectively, then
e2
h
ν (ΩFmin) ≤ σ¯H ≤
e2
h
ν (ΩFmax) . (1.6)
The reminder of the paper is devoted to deriving these
results.
II. DEFINITIONS
We consider Ne electrons confined to a box of volume
V in position space Rd where d = 1, 2, · · · whose dynam-
ics is governed by the conserved many-body Hamiltonian
H0 acting on the many-body Hilbert space FNe . Bound-
ary conditions have been imposed such that H0 has a
countable number of eigenstates. The spectral decompo-
sition of H0 is written
H0 = Egs
Ngs∑
n=1
|n〉〈n|+
∞∑
m=Ngs+1
Em|m〉〈m|. (2.1a)
The ground state eigenenergy Egs is assumed to be Ngs-
fold degenerate. We reserve the integer-valued index n =
1, · · · , Ngs for its Ngs linearly independent ground states.
A gap separating Egs from the eigenenergies Em of all
excited states is assumed, whereby we reserve the integer-
valued index m = Ngs+1, · · · for the excited states. The
eigenstates of H0 are normalized according to
〈n|n′〉 = δn,n′ , 〈m|m
′〉 = δm,m′ , 〈m|n〉 = 0. (2.1b)
This means that the scalar product of any two states
from the Hilbert space FNe is dimensionless. Finally, the
total electric charge is assumed conserved by H0 and this
symmetry is not spontaneously broken.
Because of the boundary conditions, the set of center-
of-mass momenta is countable, i.e., we can resolve the
identity according to
1 =
∑
Q
PQ, PQ PQ′ = δQ,Q′PQ, (2.2)
where Q ∈ Rd denotes a center-of-mass momentum and
PQ denotes the projector onto states with this center-of-
mass momentum.
Finally, we shall assume that H0 does not break dis-
crete translational invariance either,7 i.e.,
[H0, PQ] = 0 (2.3)
for any center-of-mass momentum Q, nor is discrete
translational invariance spontaneously broken.
We work in units where the electric charge e, the
Planck constant ~, and the speed of light c are all unity.
Therefore, only dimensions of energy appear in the the-
ory.
III. LINEAR RESPONSE
We want to find the linear response of one ground state
|n〉 of the many-body Hamiltonian H0 to adiabatically
switching on a spatially homogeneous and static electric
field E. The coupling to E is described by the Hamilto-
nian
H := H0 +H1(t), H1(t) := −X · E e
η t, (3.1)
where X ≡ (Xi ) is the many-body position operator
in the Schro¨dinger picture,23,24 i = 1, · · · , d labels the
spatial coordinates, and η is a small positive number that
implements the adiabatic turn-on of E.
We would like to make explicit the existence of a
conserved electronic current that couples to the applied
static and uniform electric field E . To this end, observe
that we can always write
E = − (∂tA) (t), A(t) := −tE. (3.2a)
Insertion of Eq. (3.2a) into Eq. (3.1) gives
H = H0 − J ·A(t) e
η t + ∂t
[
X ·A(t) eη t
]
(3.2b)
with the current25
J := i [H0,X] ≡ ∂tX. (3.2c)
In effect, we have performed the time-dependent gauge
transformation
H˜(t) := H˜0 − J˜ ·A(t) e
η t,
H˜0(t) := e
+iX·A(t) eη tH0 e
−iX·A(t) eη t ,
J˜(t) := i
[
H˜0(t),X
]
.
(3.3)
In anticipation of linear response theory, we are going
to use the interaction picture that endows any operator
O in the Schro¨dinger picture with the time dependence
OI(t) := e+iH0 tO e−iH0 t. (3.4)
We do the same with the instantaneous ground states
|n˜〉t and the instantaneous excited states |m˜〉t of H˜0(t).
In linear response theory, we approximate the time evo-
lution of any state from FNe in the interaction picture by
linearizing in the perturbation
HI1(t) = −J
I ·A(t) eη t + ∂t
[
XI ·A(t) eη t
]
. (3.5)
For example, for one of the degenerate ground states,
|n(t)〉I :=
1− i t∫
−∞
dt′HI1(t
′)
 |n〉+ · · · . (3.6)
Hence, if we rule out any level crossing [see Eq. (3.12)
and Ref. 6], then
t
〈
n˜
∣∣J˜(t) ∣∣n˜〉t = I〈n(t) ∣∣J I(t)∣∣n(t)〉I
= − i
t∫
−∞
dt1
〈
n
∣∣[J I(t), HI1(t1)]∣∣n〉 (3.7)
3to linear order in the time-dependent perturbation and
after making use of the identity [following Eq. (3.2c)]〈
n
∣∣J I(t)∣∣n〉 = 〈n |J | n〉 = 0 (3.8)
that disposes of the lowest-order contribution to the ex-
pansion. With some intermediary steps involving the
integral representation J I(t1) =
d
dt1
t1∫
−∞
dt2 J
I(t2) and
the use of partial integration, we arrive for any given
i = 1, · · · , d at the leading-order estimate (with summa-
tion convention over the repeated index j = 1, · · · , d)
t
〈
n˜
∣∣J˜i (t) ∣∣n˜〉t = i Ej t∫
−∞
dt1
t1∫
−∞
dt2
〈
n
∣∣[J Ii (t), J Ij(t2)]∣∣n〉 .
(3.9)
Finally, insertion of the resolution of the identity in FNe
1 =
∑
n
|n〉〈n|+
∑
m
|m〉〈m| (3.10)
delivers
t
〈
n˜
∣∣J˜i (t) ∣∣n˜〉t = − i Ej ∑
m
〈n|Ji |m〉〈m|Jj |n〉 − (i↔ j)(
Em − Egs
)2 .
(3.11)
Here, we used that
〈n|J |n′〉 = 0 (3.12)
for any pair n, n′ = 1, · · · , Ngs in view of Eq. (3.2c).
Equation (3.12) prevents level crossing among the degen-
erate ground states. For any i, j = 1, · · · , d, we introduce
the conductivity tensor σ
(n)
ij through
t
〈
n˜
∣∣J˜i (t) ∣∣n˜〉t =: 2pi V σ(n)ij Ej . (3.13)
For any pair i 6= j = 1, · · · , d, the volume V on the right-
hand side guarantees that the Hall conductivity tensor
σ
(n)
ij = −
i
2pi V
∑
m
〈n|Ji |m〉〈m|Jj |n〉 − (i↔ j)(
Em − Egs
)2 (3.14)
is (i) intensive despite the fact that the left-hand side
scales with the system size and (ii) dimensionless if d =
2. Equation (3.14) is the conventional representation of
the Hall conductivity tensor. The right-hand side is an
infinite series which is presumed convergent because of
the energy denominators.
For our purpose, it is, however, more useful to trade
the current for the position operator in the matrix ele-
ments of the right-hand side of Eq. (3.14) with the help
of Eq. (3.2c) and, in turn, dispose of the energy denomi-
nator
σ
(n)
ij = −
i
2pi V
∑
m
[
〈n|Xi |m〉〈m|Xj |n〉 − (i↔ j)
]
.
(3.15)
However, we must be very careful with the interpretation
of the matrix element 〈m|Xj |n〉. In the thermodynamic
limit Ne , V → ∞ holding the electronic density Ne/V
fixed, the position operator Xj is unbounded, its expec-
tation value in any momentum eigenstate is ill-defined,
and so is its trace over the Hilbert space. Hence, the rep-
resentation (3.15) of the Hall conductivity tensor is done
in terms of the difference of two series, each of which is
divergent in the thermodynamic limit Ne , V → ∞ hold-
ing the electronic density Ne/V fixed. Our goal is to
properly regularize the subtraction of two infinities on
the right-hand side by means of formal algebraic manip-
ulations.
IV. ALGEBRAIC REGULARIZATION
For any i 6= j = 1, · · · , d, instead of the Hall conduc-
tivity of a single degenerate ground state, we define the
average
σ¯ij :=
1
Ngs
∑
n
σ
(n)
ij . (4.1)
Because of the normalization (2.1b), we can introduce
the projector on the ground states
Pg :=
∑
n
|n〉〈n| (4.2a)
and the projector on the excited states
Pe :=
∑
m
|m〉〈m|. (4.2b)
Evidently, the normalization (2.1b) implies that
P 2g = Pg = P
†
g , P
2
e = Pe = P
†
e ,
Pg Pe = Pe Pg = 0, Pe + Pg = 1.
(4.2c)
In terms of the projectors (4.2a) and (4.2b), Eq. (4.1)
becomes
σ¯ij = −
i
2pi V Ngs
Tr
[
PgXiP
2
eXjPg − (i↔ j)
]
(4.3)
where Tr denotes the trace over the Hilbert space FNe .
The discrete translational invariance of the Hamilto-
nian H0 guarantees that it commutes with PQ for any
center-of-mass momentum Q, PQH0 = H0 PQ. Corre-
spondingly, any eigenstate of H0 can be labeled by a
center-of-mass momentum and
PQ Pg = Pg PQ, PQ Pe = Pe PQ, ∀Q. (4.4)
Since we ruled out spontaneous symmetry breaking
of discrete translational invariance by assumption, any
ground state must be an eigenstate of the translation
operator.22 Indeed, if two ground states differ in their
4center-of-mass momentum, then not all linear superposi-
tions of them are eigenstates of the translation operator.
We conclude that the absence of spontaneous breaking of
discrete translational invariance implies that all states in
the ground state manifold have the same center-of-mass
momentum Q0. If so,
PQ Pg = Pg PQ = 0, ∀Q 6= Q0, (4.5)
so that, combined with the application
PQ = PQ
(
Pg + Pe
)
=
(
Pg + Pe
)
PQ, (4.6)
of the resolution of the identity, we deduce that
PQ = PQ Pe = Pe PQ, ∀Q 6= Q0. (4.7)
Now, we use the fact (see Ref. 8) that the position
operator X ≡ (Xi ) can always be written as the sum
of two operators T ≡ (Ti ) and A ≡ (Ai), such that the
former shifts momentum by an infinitesimal amount in
the i = 1, · · · , d direction and the latter does not shift
the momentum, i.e., A commutes with any PQ,
X = T +A. (4.8)
It is of crucial importance to note that the decomposi-
tion (4.8) is not unique, but basis dependent.23,24 Indeed,
under those basis transformations of the single-particle
Hilbert space that are diagonal in momentum, i.e., those
that commute with any PQ, the operator A transforms
like an operator-valued gauge field. Explicit representa-
tions of the operators T and A will be given in Eqs. (5.5)
and (5.6), respectively.
We are now in position to do the following manipula-
tions for any i = 1, · · · , d. First, we do the decomposition
Pe Xi Pg =Pe (Ti +Ai)Pg
=Pe lim
q→0
(
ei q Ti − 1
i q
)
Pg + Pe Ai Pg .
(4.9)
Second, we use the orthogonality Pe Pg = 0 to dispose of
the term i/q that would blow up in the limit of q → 0,
Pe Xi Pg = lim
q→0
Pe
(
ei q Ti
i q
)
Pg + Pe Ai Pg . (4.10)
Third, we make use of the resolution of the identity and
the orthogonality from Eq. (2.2) together with Eqs. (4.5)
and (4.7) to infer that
Pe Xi Pg = lim
q→0
PQ0+q ei
(
ei q Ti
i q
)
Pg + Pe Ai Pg PQ0 .
(4.11)
The first term on the right-hand side connects two sectors
of the Hilbert space FNe with well-defined center-of-mass
momenta differing by the momentum q ei . The second
term on the right-hand side annihilates any many-body
state with Q 6= Q0. Henceforth, the product
Pg Xi P
2
e Xj Pg = Pg Xi Pe Xj Pg (4.12)
on the right-hand side of Eq. (4.3) becomes
PgXiPeXjPg = Pg Ai Aj Pg − Pg Ai Pg Aj Pg (4.13)
if i 6= j (so that Pq e
i
6= Pq e
j
) and where we have as-
sumed that we can freely interchange the limit with the
evaluation of the products.
We now insert Eq. (4.13) into Eq. (4.3),
σ¯ij = −
i
2pi V Ngs
Tr
[
Pg [Ai , Aj ]Pg
− (Pg Ai Pg )(Pg Aj Pg ) + (Pg Aj Pg )(Pg Ai Pg )
]
.
(4.14)
The full trace Tr over the Hilbert space FNe is thus re-
duced to a trace over the ground state manifold. This is
a finite sum since we have assumed that the ground state
manifold is a finite-dimensional vector space. To dispose
of the second contribution, we make use of the cyclicity
of the trace restricted to the ground state manifold. We
are then left with the finite sum
σ¯ij = −
i
2pi V Ngs
Tr
[
Pg [Ai , Aj ]Pg
]
= −
i
2pi V Ngs
Ngs∑
n=1
〈n|[Ai , Aj ]|n〉.
(4.15)
Equation (4.15) is the main result of this paper. It is
an algebraic counterpart to the many-body presentation
of the Hall conductance in terms of a many-body Berry
phase defined by twisting boundary conditions.6
V. BLOCH REPRESENTATION
To proceed, we need to choose a basis of the Hilbert
space FNe . We choose the basis that follows from using
the Fock space F spanned by the creation and annihi-
lation operators χ†a(k) and χa(k), respectively, whereby
any such pair labeled by the band index a = 1, · · · , N
and the Bloch momentum k corresponds to a Bloch state
|χ(a)(k)〉. We choose the normalization conventions
{χa(k), χ
†
b(k
′)} = Ω δ(k − k′) δa,b ≈ ΩV δk,k′ δa,b (5.1)
given the volume V in position space set by the infrared
cutoff (the linear size L ≫ a say) and the volume Ω in
momentum space set by the ultraviolet cutoff (the lattice
spacing a ≪ L say). In other words, we have assumed
that H0 obeys the additive decomposition
H0 = H
Blo
0 +H
int
0 . (5.2a)
Here
HBlo0 =
N∑
a=1
∫
Ω
ddk
Ω
εa(k)χ
†
a(k)χa(k) (5.2b)
5where, for any band index a = 1, · · · , N and Bloch mo-
mentum k, the single-particle eigenvalue εa(k) and the
single-particle Bloch state |χ(a)(k)〉 are the solution to
the eigenvalue problem
HBlo0 (k) |χ
(a)(k)〉 = εa(k) |χ
(a)(k)〉. (5.2c)
The interaction term H int0 is of higher order than two in
the number of creation and annihilation operators.
The decomposition of the position operator on the
right-hand side of Eq. (4.8) can now be understood as
follows. Assume that the N × N Hermitian matrix
HBlo0 (k) has been specified in the basis |ψ
(a)(k)〉 where
a = 1, · · · , N . We shall call this basis the orbital ba-
sis. Diagonalization of HBlo0 (k) delivers the Bloch basis
|χ(a)(k)〉 where a = 1, · · · , N . The unitary transforma-
tion that brings the orbital to the Bloch basis has the N2
matrix elements u
(a)
a (k) where a, a = 1, · · · , N . Any pair
of columns or rows from this matrix must be orthogonal,
u(a)∗
a
(k)u(b)
a
(k) = δa,b, u
(a)
a
(k)u
(a)∗
b
(k) = δ
a,b.
(5.3)
Here and in what follows, the summation convention
over repeated band a = 1, · · · , N or orbital index a =
1, · · · , N is implied. For any spatial coordinate i =
1, · · · , d, any pair a, b = 1, · · · , N of bands, and any
Bloch momentum k we define the non-Abelian Berry con-
nection
Aabi (k) := −iu
(a)∗
a
(k)
(
∂u
(b)
a
∂ki
)
(k). (5.4)
The operators on the right-hand side of Eq. (4.8) are then
represented by 24
T =
∫
Ω
ddk
Ω
χ†a(k)
(
i
∂χa
∂k
)
(k) (5.5)
and
A =
∫
Ω
ddk
Ω
χ†a(k)A
ab(k)χb(k). (5.6)
Consequently, for any i 6= j = 1, · · · , d,
[Ai , Aj ] =
∫
Ω
ddk
Ω
χ†a(k) [Ai(k), Aj(k)]
ab χb(k). (5.7)
Equation (5.7) suggests that we define the N2 dimen-
sionless intensive numbers
n¯ab(k) :=
1
ΩV Ngs
Ngs∑
n=1
〈n|χ†a(k)χb(k)|n〉. (5.8a)
With the normalization (5.1), one verifies that
0 ≤ n¯aa(k) ≤ 1 (5.8b)
for any band a and any momentum k. Insertion of
Eq. (5.7) into Eq. (4.15) yields
σ¯ij = −i
∫
Ω
ddk
2pi
[Ai(k), Aj(k)]
ab n¯ab(k). (5.9)
It remains to evaluate with the help of Eq. (5.4) the
commutator [Ai(k), Aj(k)]
ab of the non-Abelian Berry
connection. It is
[Ai(k), Aj(k)]
ab = i
(
∂Aabj
∂ki
)
(k)− (i↔ j). (5.10)
Hence, for any pair i 6= j = 1, · · · , d, we conclude with
the desired representation
σ¯ij =
∫
Ω
ddk
2pi
[(
∂Aabj
∂ki
)
(k)− (i↔ j)
]
n¯ab(k) (5.11)
of the Hall conductivity tensor averaged over the degen-
erate ground states.
A. Noninteracting band insulator
For a noninteracting band insulator with the lowest
N˜ ≤ N bands filled, we have Ngs = 1 and
n¯ab(k) = nab1 (k) =
{
δa,b, 1 ≤ a, b ≤ N˜ ,
0, otherwise.
(5.12)
Due to the presence of the gap, the Bloch Hamilto-
nian (5.2c) can be adiabatically deformed to
HBlo0 (k) −→ 1− 2 P˜ (k), (5.13)
where P˜ (k) is the projector on the single-particle states
in the lower bands. The right-hand side of Eq. (5.13) is
invariant under any unitary transformation of the filled
bands, an element of the unitary group U(N˜) which is a
subgroup of the group of unitary transformations U(N)
that mixes all N bands. The Hall conductivity (5.11) can
be written in a form for which this symmetry manifests
itself as a local U(N˜) gauge invariance,
σ¯ij =
∫
Ω
ddk
2pi
F˜ a˜a˜ij (k). (5.14)
Here, the non-Abelian Berry curvature of the lower bands
is given by
F˜ a˜b˜ij (k) := ∂kiA
a˜b˜
j (k) + iA
a˜c˜
i (k)A
c˜b˜
j (k) − (i↔ j) (5.15)
and the indices with tildes are summed only over the
lower bands. Note that
Aa˜c˜i (k)A
c˜a˜
j (k)− (i↔ j) = A
a˜c˜
j (k)A
c˜a˜
i (k)− (i↔ j)
(5.16)
vanishes if both a˜ and c˜ are summed over. This allows us
to recast the expression for the Hall conductivity (5.11)
in terms of the manifestly U(N˜) gauge invariant Berry
curvature (5.14).
6B. Noninteracting Fermi sea
Let us now consider a Fermi sea ground state for which
Ngs = 1. Even though our derivation relies on the exis-
tence of a gap from the outset, we can think of letting
this gap go to zero at the end, as long as the ground state
remains unique. We shall work with a single partially oc-
cupied band a˜ = 1 for simplicity. With FS ⊂ Ω denoting
the Fermi sea
n¯ab(k) ≡ nab(k) = δa,1×δb,1×
{
1, k ∈ FS,
0, k ∈ Ω \ FS.
(5.17)
The Hall conductivity (5.11) becomes
σ¯ij =
∫
FS⊂Ω
ddk
2pi
F˜ 11ij (k). (5.18)
This result agrees with the zero-temperature limit of the
Hall conductivity for the anomalous Hall effect.9,10
C. Interacting partially filled single Bloch band
Finally, we assume that the ground states |n〉 have non-
vanishing amplitudes only with those Slater determinants
that are made of single-particle Bloch states from the
band a˜ = 1. The Hall conductivity (5.11) becomes
σ¯ij =
∫
Ω
ddk
2pi
F˜ 11ij (k) n¯(k), (5.19)
where n¯(k) is the occupation number of the Bloch mo-
mentum k in that single band a˜ = 1 that contributes to
any one of the Ngs ground states |n〉. The right-hand
side is invariant under any U(1) gauge transformation of
the U(1) Berry connection A1(k) that defines the Berry
curvature F˜ 11ij (k).
Equation (5.19) sets bounds to the Hall conductivity
that can arise in an interacting system from a partially
occupied single Bloch band. If we define the filling factor
ν :=
∫
Ω
ddk
Ω
n¯(k), (5.20)
we conclude that
Ω ν
2pi
× inf
k∈Ω
F˜ 11ij (k) ≤ σ¯ij ≤
Ω ν
2pi
× sup
k∈Ω
F˜ 11ij (k) (5.21)
for any pair i, j = 1, · · · , d.26
When d = 2, we deduce from Laughlin’s flux insertion
argument2 that
σ¯ij =
p
Ngs
, (5.22)
where Ngs is the topological ground state degeneracy on
the two-torus and p is any integer that does not need
to be co-prime with Ngs. If we combine Eq. (5.22) with
Eq. (5.21), we conclude that
2pi
Ω
[
sup
k∈Ω
Fij(k)− inf
k∈Ω
Fij(k)
]
≥
1
ν
×
1
Ngs
(5.23)
is a necessary condition for the Hall conductivity to de-
viate from
σ¯12 = ν × C12, C12 :=
∫
Ω
d2k
2pi
F˜ 1112 (k), (5.24)
in two dimensions. Such a deviation has been discussed
for the FQHE in a periodic potential27 and could in prin-
ciple also appear in two-dimensional fractional Chern in-
sulators.28
We close by exploring another implication of Eq. (5.19)
for fractional Chern insulators. It relates to the fol-
lowing question. Can topologically ordered many-body
states arise from a topologically trivial single-particle
band structure when interactions are added? Let us start
by discussing two cases for which the answer is negative,
before turning to cases where the answer might be posi-
tive.
First, according to Eq. (5.19), if the single-particle
Berry curvature vanishes everywhere in the Brillouin
zone, F˜ 1112 (k) = 0 for all k ∈ Ω, then the many-body
Hall conductivity σ¯12 has to vanish as well. Second, if
n¯(k) is independent of k and if the band a˜ = 1 has the
vanishing Chern number C12 = 0, then σ¯12 = 0.
However, the condition that n¯(k) is constant through-
out the Brillouin zone of volume Ω is not required for a
topologically ordered phase of matter. When n¯(k) varies
in the Brillouin zone, we can use the filling fraction ν de-
fined by Eq. (5.20) and the inequality (5.23) to establish
a necessary condition to be fulfilled by the variations of
the Berry curvature across the Brillouin zone of volume
Ω for the many-body Hall conductivity σ¯12 to acquire a
nonvanishing value even though C12 = 0.
Even if the single-particle Berry curvature vanishes or
the necessary condition encoded by the inequality (5.23)
is not fulfilled, a FQHE might still be stabilized by inter-
actions if the assumptions of Sec. VC are relaxed. These
assumptions are that (i) only one isolated band is par-
tially occupied and (ii) discrete translational symmetry
is not spontaneously broken.
If degrees of freedom from more than one band are
available or if discrete translational symmetry is spon-
taneously broken in such a way that the folding of the
Brillouin zone results in new bands, interactions might
then change the band structure from topologically triv-
ial to non-trivial. The former case is known to occur for
Kramers degenerate bands.29 For the latter case, we have
in mind the scenario by which a mean-field treatment of
the interaction within a single topologically trivial band
breaks spontaneously the discrete translational symme-
try by reducing the Brillouin zone from the volume Ω to
the volume ΩMF.
30–33 In the process of folding the Bril-
louin zone from one with volume Ω to one with volume
7ΩMF, the original band might split into several sub-bands
(separated by energy gaps), some of which carrying non-
vanishing Chern numbers. The residual interactions that
have been ignored by this mean-field treatment might
then stabilize a FQHE characterized by Eq. (5.19) pro-
vided Ω is substituted by ΩMF and the original band a˜ is
replaced by the relevant sub-band. The “spontaneous”
formation of a fractional Chern insulator is thus allowed
if more than one band is involved or discrete translational
symmetry is spontaneously broken by the interaction.
Acknowledgments
This work was supported in part by DOE Grant No.
DEFG02-06ER46316 and by the Swiss National Science
Foundation.
∗ Present address: Perimeter Institute for Theoretical
Physics, Waterloo, Ontario, Canada N2L 2Y5.
1 The Quantum Hall Effect, edited by R. E. Prange and S.
M. Girvin (Springer, New York, 1987).
2 R. B. Laughlin, Phys. Rev. B 23, 5632 (1981).
3 D. J. Thouless, M. Kohmoto, M. P. Nightingale, and M.
den Nijs, Phys. Rev. Lett. 49, 405 (1982).
4 J. E. Avron, R. Seiler and B. Simon, Phys. Rev. Lett. 51,
51 (1983); B. Simon, ibid. 51, 2167 (1983).
5 Q. Niu and D. J. Thouless, J. Phys. A 17, 2453 (1984).
6 Q. Niu, D. J. Thouless, and Y.S. Wu, Phys. Rev. B 31,
3372 (1985).
7 By discrete translational invariance, we understand the
space group symmetry of some one-body periodic potential
that breaks Galilean invariance. This symmetry is explicit
in the Hamiltonian and not spontaneously broken by the
ground state manifold. This symmetry implies that Bloch
momenta are goood quantum numbers in the noninteract-
ing limit.
8 R. Karplus and J. M. Luttinger, Phys. Rev. 95, 1154
(1954).
9 N. P. Ong andW.-L. Lee, e-print arXiv:cond-mat/0508236;
ibid, in Foundations of Quantum Mechanics in the Light
of New Technology, edited by S. Ishioka and K. Fujikawa
(World Scientific, Singapore, 2006), p. 121.
10 N. Nagaosa, J. Sinova, S. Onoda, A.H. MacDonald, and
N.P. Ong, Rev. Mod. Phys. 82, 1539 (2010).
11 Fractional Chern insulators are strongly correlated phases
of matter for interacting fermions and bosons that have
been found in Bloch bands with vanishing or small band-
width and nonvanishing Chern number (Refs. 12–21).
12 T. Neupert, L. Santos, C. Chamon, and C. Mudry, Phys.
Rev. Lett. 106, 236804 (2011).
13 D. N. Sheng, Z. Gu, K. Sun, and L. Sheng, Nat. Commun.
2, 389 (2011).
14 Y.-F. Wang, Z.-C. Gu, C.-D. Gong, D. N. Sheng, Phys.
Rev. Lett. 107, 146803 (2011).
15 N. Regnault and B. A. Bernevig, Phys. Rev. X 1, 021014
(2011).
16 B. A. Bernevig and N. Regnault, Phys. Rev. B 85, 075128
(2012).
17 Y.-F. Wang, H. Yao, Z.-C. Gu, C.-D. Gong, D. N. Sheng,
Phys. Rev. Lett. 108, 126805 (2012)
18 Y.-L. Wu, B. A. Bernevig, N. Regnault, Phys. Rev. B 85,
075116 (2012).
19 T. Liu, C. Repellin, B. A. Bernevig, and N. Regnault, e-
print arXiv:1206.2626.
20 Y.-F. Wang, H. Yao, C.-D. Gong, and D. N. Sheng, e-print
arXiv:1204.1697.
21 Z. Liu, E. J. Bergholtz, H. Fan, and A. M. Lauchli, e-print
arXiv:1206.3759 [Phys. Rev. Lett. (to be published)].
22 If we were to work with a finite system instead, there would
be no notion of spontaneous symmetry breaking. At the
same time, the quasi-degenerate ground states could then
have different center-of-mass momenta, depending, for ex-
ample, on the aspect ratio of the system. Whether these
momenta converge to one single momentum or not as the
thermodynamic limit is taken, dictates whether or not the
translational symmetry will be broken spontaneously.
23 We refer the reader to Ref. 24 for the precise definition of
the many-body position operator X and for the evaluation
of the commutators of its components.
24 T. Neupert, L. Santos, S. Ryu, C. Chamon, and C. Mudry,
Phys. Rev. B 86, 035125 (2012).
25 We call J a current because it couples linearly to the vec-
tor gauge potential. When e = c = ~ = 1, all dimension-
full quantities are measured in units of energy: [time] =
[length] = energy−1, [E] = energy+2, [A] = energy, so that
the current J is dimensionless, [J ] = energy0. If V denotes
a finite volume of position space in which the electrons are
constrained to move, then the current density j ≡ J/V
has the dimensions [j] = energy+d.
26 Observe that the bound
|σ¯ij | ≤
∫
Ω
ddk
2pi
|F˜ 11ij (k)| n¯(k) ≤
∫
Ω
ddk
2pi
|F˜ 11ij (k)|
also applies.
27 A. Kol and N. Read, Phys. Rev. B 48, 8890 (1993).
28 R. Shankar and G. Murthy, e-print arXiv:1108.5501; G.
Murthy and R. Shankar, e-print arXiv:1207.2133.
29 T. Neupert, L. Santos, S. Ryu, C. Chamon, and C. Mudry,
Phys. Rev. B 84, 165107 (2011) and; Phys. Rev. Lett. 108,
046806 (2012).
30 This scenario was already invoked in the late 1980s early
1990s in the context of high-temperature superconductiv-
ity by Kalmeyer and Laughlin (Refs. 31,32) and by Wen et
al. (Ref. 33).
31 V. Kalmeyer and R. B. Laughlin, Phys. Rev. Lett. 59, 2095
(1987).
32 R. B. Laughlin, Science 242, 525 (1988).
33 X. G. Wen, F. Wilczeck, and A. Zee, Phys. Rev. B 39,
11413 (1989).
